Black holes have an enormous underlying space of microstates, but universal macroscopic physics characterized by mass, charge and angular momentum as well as a causally disconnected interior. This leads two related puzzles: (1) How does the effective factorization of interior and exterior degrees of freedom emerge in gravity?, and (2) How does the underlying degeneracy of states wind up having a geometric realization in the horizon area and in properties of the singularity? We explore these puzzles in the context of an incipient black hole in the AdS/CFT correspondence, the microstates of which are dual to half-BPS states of the N = 4 super-YangMills theory. First, we construct a code subspace for this black hole and show how to organize it as a tensor product of a universal macroscopic piece (describing the exterior), and a factor corresponding to the microscopic degrees of freedom (describing the interior). We then study the classical phase space and symplectic form for low-energy excitations around the black hole. On the AdS side, we find that the symplectic form has a new physical degree of freedom at the stretched horizon of the black hole, reminiscent of soft hair, which is absent in the microstates. We explicitly show how such a soft mode emerges from the microscopic phase space in the dual CFT via a canonical transformation and how it encodes partial information about the microscopic degrees of freedom of the black hole.
Introduction
Black holes are mysterious objects. In general relativity, one encounters them as solutions to the Einstein equations, but with several peculiar features. These solutions have a spacelike singularity, which is, however, hidden from an external observer by a horizon. What is more, the horizon manifests several thermodynamic properties, where the area of the horizon plays the role of entropy as per the Bekenstein-Hawking formula:
Within general relativity, there appears to be no explanation for what this entropy counts.
Modern insights from string theory [1] , and in particular the AdS/CFT correspondence [2, 3, 4] , suggest an elegant resolution for this puzzle. In this context, the black hole is realized as a low-energy gravity description of a configuration of D-branes, via the open-closed string duality. A very large number of heavy, almost degenerate, microscopic states of the world-volume theory on the D-branes (N = 4 Super Yang Mills, for instance) correspond to essentially the same universal gravitational geometry, and so the entropy of the black hole simply counts these microstates. Furthermore, from the perspective of almost all low-energy probes, these heavy states effectively look like a universal mixed state, namely the thermal ensemble, thus explaining the thermodynamic nature of black holes.
What are we to make of the singularity in the black hole geometry? This issue was considered in [5] in the context of a singular geometry referred to as the half-BPS superstar solution [6] , which is the universal dual geometry corresponding to heavy excited states of fixed charge in the half-BPS sector of N = 4 Super-Yang-Mills theory. (Similar questions were also considered previously in the D1-D5 system in [7, 8, 9] .) We may think of this geometry as an incipient black hole in which the horizon coincides with the singularity -adding some energy would produce a finite area horizon. In this example, it can be shown that there is a large class of CFT microstates, which under the AdS/CFT duality correspond to perfectly regular, albeit topologically complex geometries on the gravity side. Far away from the core, these geometries all effectively look like the superstar, but close to the core they are not singular. Of course, not all CFT microstates need have a smooth geometric interpretation at short distances. Indeed, the vast majority of microstates will have Planck scale features in the dual description. Thus, close to the core they will not necessarily correspond to smooth geometries, but rather to some sort of "spacetime foam". A classical observer will only have access to a coarse-grained description of these states because low-energy probe operators cannot distinguish between different microstates. Thus, these observers effectively see a universal mixed state, which for microstates of a superstar with fixed charge turns out to be the high-temperature thermal ensemble with a fixed number of D-branes. This ensemble has a dual description as a singular superstar geometry. In [5] , it was argued that this is the origin of black hole singularities in general relativity -the black hole geometry corresponds to a classical, long-distance description of a large number of underlying microstates which breaks down at the singularity. In the full quantum theory, this singularity gets replaced by a spacetime foam.
In this way, the AdS/CFT correspondence in principle suggests a resolution to many puzzles about black holes. However, several mysterious features still remain to be understood.
In this paper, we will consider two such puzzles in the context of the half-BPS superstar:
1. How does the effective factorization into microscopic, or "interior" degrees of freedom, and macroscopic, or "exterior" degrees of freedom, emerge in gravity? This question is related to the problem of identifying the subspace of the total Hilbert space within which supergravity is a valid description. In modern AdS/CFT parlance, this subspace is referred to as the code subspace, in reference to its connection with quantum error correcting codes [10] . We will construct a code subspace for the microstates of the half-BPS superstar and argue that it can be approximately organized as a tensor product between coarse-grained "exterior" degrees of freedom and fine-grained "interior" degrees of freedom. We show that this factorization is a natural consequence of the universality of correlators, namely, the fact that correlation functions of a sufficiently small number of low-energy operators in black hole microstates are universally reproduced by those in a certain thermal ensemble. While this factorization has been anticipated in previous work [11] , here we will describe a more detailed mechanism for its origin in the context of our incipient black hole.
2. How does the microscopic entropy of the black hole get reflected in gravity in terms of geometric quantities such as the area of the horizon? In other words, does gravity admit degrees of freedom which may encode information about the black hole microstates? Here, we will proceed by studying the classical phase space and its attendant symplectic form for Type IIB supergravity around the superstar geometry. 1 For regular half-BPS geometries, this problem was studied in [12, 13] , where it was shown to exactly match with the phase space in the dual CFT description. However, a novel feature of the superstar is that it is a singular geometry. This will lead us to consider a regularized gravitational phase space by putting a stretched horizon slightly away from the singular region. While this might seem like a technical detail, it actually has a significant consequence -we find a new physical mode at this horizon, which would have been a pure gauge degree of freedom in an exact microstate. In detail, if we have access to a precise microstate geometry (assuming that a geometric description exists), then this soft mode gets fixed by requiring regularity in the core where the geometry smoothly caps off. The cutoff at the stretched horizon can be understood as a gravitational coarse-graining, which makes these soft modes dynamical. Similar soft modes (or large gauge transformations) have also been encountered in studies of entanglement in gauge theories [14, 15, 16, 17, 18] , where one introduces a fictitious boundary to define a gauge invariant phase space and they make significant contributions to entanglement entropy (see also [19, 20, 21] for related discussion in the context of the Ryu-Takayanagi formula). Relatedly, "soft hair" modes have recently also attracted attention in the context of the black hole information puzzle [22, 23, 24, 25] , but their CFT origin in AdS/CFT has remained unclear. In the present situation we can understand the emergence of such soft modes more comprehensively from the CFT point of view, i.e., we will construct and explicitly coarse-grain the CFT phase space and show the emergence of the soft mode in the infrared as a canonical transformation of the ultraviolet modes. This suggests an explanation for how information about the microstates gets imprinted on the black hole horizon.
The rest of the paper is organized as follows. In Sec. 2, we review background material, and in Sec. 3, we construct the universal code subspace for the 1/2 BPS superstar. We will argue that this code subspace factorizes into interior and exterior degrees of freedom. In Sec. 4, we study the gravitational phase space around the superstar geometry and find a new physical mode at the horizon. In Sec. 5, we construct the phase space from the CFT point of view, and explicitly construct a canonical transformation to extract the effective infrared modes. These analyses provide a microscopic explanation for the emergence of the macroscopic gravitational soft mode. Technical details are collected in the appendices.
The half-BPS sector of N = 4 SYM
The dynamics of the 1 2 -BPS sector of N = 4 Super Yang-Mills (SYM) theory in four dimensions can be reduced to a gauged Hermitian matrix model, as explained in [26, 27] (see also [28] ):
Here X is an N × N Hermitian matrix, which is the S-wave mode of one of the scalars in the N = 4 SYM scalar multiplet, and
is the gauge-covariant derivative. We may regard the gauge field A 0 as a Lagrange multiplier enforcing the
on the Hilbert space, i.e., physical states will be U (N ) invariant. This allows us to rewrite the matrix model entirely in terms of the eigenvalues {λ i } of the matrix in a harmonic oscillator potential
with the additional constraint that the N -particle wavefunctions are completely antisymmetric under exchange of two eigenvalues. This antisymmetry is required because in the matrix description our states are normalized with respect to the measure
where ∆(λ i ) = i<j (λ i − λ j ) is the Vandermonde determinant and dΩ U (N ) is the Haar measure on U (N ). If we want the states ψ(λ i ) to be normalized with respect to the flat measure i dλ i , we must absorb the Vandermonde determinant ∆(λ) into the wavefunction, which in turn makes the wavefunctions antisymmetric under exchange of eigenvalues. Therefore, the model reduces to N fermions in the simple-harmonic oscillator potential. The energy eigenstates of the model are simply given by antisymmetrized N -fold tensor products of the energy eigenstates |n i of a single harmonic oscillator. More explicitly, if we label the states by decreasing integers n 1 > n 2 > n 3 · · · > n N ≥ 0, then an eigenstate is given by 5) where the subscript A stands for anti-symmetrization, and the sum is over all permutations of the N integers. Provided we adhere to our non-decreasing convention, then the states are normalized as
The ground state is given by filling the first N levels of the oscillator |0 = |N − 1, N − 2, · · · , 0 A , which we may refer to as the Fermi sea. Instead of specifying the list of integers (n 1 , · · · , n N ), we can equivalently specify the list
Note that the new sequence r i is non-increasing, i.e. r i ≥ r i+1 . We can conveniently represent this information in the form of a Young tableau, where the r i s correspond to the row-lengths of the tableau (see Fig. 1 ). In the language used in the matrix model literature, this is the open string representation of the Hilbert space.
Let us next consider the creation and annihilation operators (β i , β † i ) corresponding to the eigenvalues (i.e.,
, which satisfy the usual commutation relations
We can define the gauge invariant operators
where the sum on eigenvalues imposes the U (N ) gauge invariance. We can write these operators in terms of powers of the original matrix,
It is a straightforward exercise to check that in the large N limit, when evaluated around the vacuum, the operators defined above satisfy the algebra
The corrections in equation (2.11) become important when k ∼ N 1/2 . Therefore, this algebra comes with the cutoff k ≤ N 1 2
− . Further, this algebra is valid in a subspace of the full Hilbert space which is constructed by acting on the vacuum with a sufficiently small number of t † k operators. This subspace, which behaves like the Fock space for the t k operators, can be regarded as a code subspace for the algebra around the vacuum state. In [29] , this code subspace was discussed around special excited states corresponding to rectangular Young tableaus. In matrix model language, this is a closed string representation of the Hilbert space. Note that while the three-point functions of the t k s are suppressed by 1/N inside the code subspace, they are still non-trivial and represent splitting and joining interactions for closed strings. The transformation between the open string and closed string representations can be elegantly understood in terms of the representation theory of symmetric groups [28] , but we will not need these details here.
Phase-space density
It is useful to define the one-particle phase space density, also known as the Wigner density: 12) whereρ 1 is the reduced density matrix obtained by tracing out N − 1 fermions [30, 31, 32, 5, 33] , while q and p are the usual phase space coordinates. We can also express this density function in terms of second-quantized fermion creation operators. Let (ψ n ,ψ † n ) be anti-commuting operators, which annihilate and create fermions in the (one-particle) energy level n. These satisfy the commutation relations
and we may write the state (2.5) in terms of these as
where |0 denotes the second-quantized vacuum. In terms of the ψ m s, the density operator is given byû 16) and f n (q) are the one-particle Harmonic oscillator wavefunctions in position space. The function u defined in equation (2.12) is simply the one-point function of the operatorû in the appropriate N -particle state. The function u in the classical limit, N → ∞, → 0 with N fixed, can be interpreted as a density for fermion occupation in the one-particle phase space satisfying dpdq 2π 17) and plays a crucial role in the correspondence with the gravitational dual geometry (see Sec. 4). 2 For example, in the classical limit the phase-space density corresponding to the Fermi sea is given by u(q, p) = Θ(q 2 + p 2 − 2 N ). We can pictorially represent this as a black disc in the one-particle phase space (see Fig. 2 ), where the black region corresponds to u = 1 and the white region corresponds to u = 0. The action of the t k operators can be thought of as creating periodic waves on the surface of the Fermi sea, while a localized shape perturbation of the Fermi sea can be interpreted as a coherent state in terms of t k s. For later use, we also record the commutation relations satisfied byû [30] . These can be 2 On the gravity side of the AdS/CFT correspondence, the classical limit corresponds to fixing the AdS radius obtained by using the defining equation (2.15): 18) where in the second line we have used r + = r + r . If we define the operatorT π = dpdq 2π π(p, q)û(p, q) where π is an arbitrary function on phase space, then in the → 0 limit the above commutation relations imply 19) where {π 1 , π 2 } P B = ij ∂ i π 1 ∂ j π 2 are the classical Poisson brackets in the one-particle phase space. Thus, in the → 0 limit,û generates the Poisson algebra on phase space. As we will see later, we are interested in these smeared operators because they generate the subspace of low energy states, which is in one to one correspondence with long wavelength excitations of the bulk.
Universal code subspaces and incipient black holes
The half-BPS sector of N = 4 super-Yang Mills includes very heavy states created by operators with conformal dimension ∆ ∼ O(N 2 ) that are dual to extremal black holes called "superstars" [6, 5, 34] (see [35] for a recent discussion). Below we will describe this "superstar ensemble" of states, and later explain in Sec. 4 their coarse-grained description in the gravity dual in terms of a singular metric. We will then analyze the structure of states in the Hilbert space which are "close" to typical states in the superstar ensemble. This will constitute a "code subspace" [10, 11] of states created by the action of universal, low-energy operators on typical states of the ensemble. The universality of the code subspace leads to an effective factorization into macroscopic "exterior" and microscopic "interior" degrees of freedom.
Superstars
We will be interested in states of energy ∆ = O(N 2 ) above the Fermi sea. As we will describe in Sec. 4, the universal, coarse-grained gravitational description of these states is an incipient black hole called the superstar. From the CFT point of view, a typical state of this type lives in an energy window around a triangular tableau with N rows and N c = ωN columns (Fig. 3) , i.e., it differs from such a triangular tableau by a small number of boxes [5] . Here "small" refers to having the same average slope ω of the Young tableau and approximately equal energy; since the triangular tableau with N rows and ωN columns has order N 2 boxes, it is possible for a second state to differ in O(N ) boxes and still be part of the same microcanonical ensemble. It is convenient to describe these states by introducing the following ensemble:
where following [5] , we have introduced the new variables c N = r N , c i = r i − r i+1 . The variable c i counts the total number of columns of length i in the tableau. Here β is the inverse "temperature" (which multiplies the energy), while µ is a Lagrange multiplier which enforces the constraint that the total number of columns is N c . 3 The parameters q = e −β , ζ = e −µ are determined by the equations
with ∆ being the energy. In the β → 0 limit, the above equations simplify greatly, and
It was argued in [5] that this limit leads to a universal description of almost all superstar microstates. In this limit, the average value of c k is given by c k = ω. This implies that the typical state in the ensemble lies very close to a triangular tableau, where ω = N c /N determines the slope of the tableau (Fig. 3) . Correlators of low-energy operators in a typical triangular tableau state universally reproduce correlation functions of such operators in almost all states of energy ∆. This is essentially "eigenstate thermalization" of BPS states in the large N limit. We will henceforth refer to equation (3.1) in the β → 0 limit as the superstar ensemble. The entropy of this ensemble scales linearly with N and is given by
In terms of the density function u(q, p) introduced previously, we naively expect the typical superstar state to look like a large number of black and white rings, each with area . This is because each excited fermion will move periodically in the oscillator potential with a frequency determined by its energy -in phase space, this corresponds to a density function that occupies a ring of area and squared radius equal to the energy. Further, the rings corresponding to different fermions will be separated by gaps of area O( ). More precisely, the quantum phase space density oscillates between concentric black and white rings representing occupied and unoccupied regions, with an average amplitude determined by ω and oscillation frequency at the scale in phase space:
Such a density does not have a natural classical limit (N → ∞, → 0 with N fixed), because of the above fluctuations, which do not disappear in this limit. However, a classical observer will only have access to a coarse-grained description of this density, which corresponds to averaging over it at some scale y 0 1/2 . Therefore, the coarsegrained density will essentially be a grey disc whose radius is fixed by ∆ and whose greyness is determined by the slope of the triangular tableau ω = N c /N (Fig. 4 , [5, 33] ):
We will develop this in more detail in Sec. 4; we will explain there how it leads to the emergence of a singularity in the universal gravitational geometry dual to the superstar microstates, and further results in novel and interesting features in the phase space of excitations around this geometry. 
Code subspaces around black holes -a general picture
We want to analyze the structure of the Hilbert space of superstar microstates in the vicinity of the typical configurations in the ensemble. In this section, we will first present arguments applicable in a more general context, and then specialize to the superstar in the subsequent sections. To this end, consider a set of states of energy within a microcanonical energy window around ∆ ∼ O(N 2 ). These states will span an ∼ e S dimensional subspace H ∆ of black hole microstates, where S is the entropy of the black hole. We are going to consider a set of e εS reference states with ε < 1, which we will denote by H ε,∆ . H ε,∆ has a much smaller dimension than H ∆ , and thus, if we pick two random states in this subspace |α , |α , they will be orthogonal. 5 Next, on top of each reference state, we will consider small excitations by the action of low-energy operators, where "small" means that the perturbations of the different reference states remain orthogonal. (In the 1/2 BPS case that we are studying, examples of such operators will be (t k , t † k ) with k √ N .) Thus H ε,∆ has the structure:
where each of the H α,small represents the small subspace formed by acting on the reference state |α with small excitations and has a dimension that is less than O( √ N ) (i.e., states in this Hilbert space differ from the reference Young tableau α by less than √ N boxes).
Given a reference state for each α in equation (3.7), we expect that a natural notion of universal, low energy excitation should involve operators O simple which cannot precisely distinguish the microstate in question (see [5, 38] for a discussion in the present LLM context). In other words,
Here O simple ∆ only depends on the energy ∆. The ellipses denote corrections that can be off-diagonal in α and α , and can also depend on quantum numbers other than the energy. This form also implies that O simple cannot annihilate the reference state because, if it did, the leading expectation value could not depend universally on the energy. This is natural to expect because the black hole microstate is heavy and complex, and thus a light and simple operator cannot possibly annihilate it.
The formula (3.8) is reminiscent of the Eigenstate Thermalization Hypothesis (ETH) [39, 40] (see also [41] for a recent discussion in the context of CFTs): we expect simple correlators in complex energy eigenstates to behave like correlators in the thermal ensemble. From the ETH we expect that the off-diagonal corrections to (3.8) will be exponentially suppressed in the entropy, while corrections to the diagonal terms will be polynomial in the entropy. In our case of interest, namely the superstar, the entropy scales as S ∼ N (see above), and so the diagonal corrections will be power-law suppressed in N ; in this way, large N plays the role of the volume in the usual ETH. Meanwhile, the off-diagonal terms vanish for us when ε < 1 because the reference states have then been chosen to be sufficiently far apart so that there is no way for a simple operator to move the system from one α to another. Indeed this is why the subspace we consider has a direct sum structure. As we let ε tend to 1 the direct sum structure will break down and there will be O(1) off-diagonal terms in (3.8). Based on [28] , the action of traces is local on the location of the edge of a given Young tableaux and changes very few contiguous boxes in a superposition of all possible locations: if two reference tableaux are very different, it takes a lot of moves by such actions to go from one to the other one. This property of acting locally on the edge of a diagram ensures the property of equation 3.8.
Due to the diagonal structure of (3.7), the simple operators act within blocks. So we can write
What is more the ETH-like formula (3.8) tells us that the action of these operators will be universal in that to leading order correlators will only depend on the energy of the reference state 6 . Because of this, we can represent the algebra of simple operators on a universal code subspace H univ built around any fiducial reference state. The low-energy operators are then universally represented as some O univ whose correlators in H univ reproduce those in H α,small for any α up to corrections polynomial in the entropy. In this sense, to leading order in powers of the entropy, we find that H α,small ∼ H univ are isomorphic. Here we have focused on simple, low-energy operators that respect the block structure of H ε,∆ . Of course, maintaining this structure also requires us to truncate the algebra of the operators so that the excitations they create are not too energetic or too complex. 
where H SS is the super-selection sector label keeping track of which reference state we are working around.
Above, we have presented a scenario in which a tensor product structure can effectively appear in a complex Hilbert when it is probed exclusively with simple operators. Below, we will explicitly demonstrate how this picture is realized for the half-BPS superstar of AdS 5 gravity.
Code subspace around the superstar
In the notation of the Sec. 3.2, |α will be a typical reference microstate of the superstar.
As we discussed, this will be a Young tableau state of excitation energy ∆ lying close to the triangular tableau. Since we are picking the reference states at random, they will generically differ by more than O( √ N ) boxes, which will allow us to consider the orthogonal code subspaces that we described above. Any such reference state will have a phase space density u [5, 33] α|û(q, p)|α = u 0 Θ(p 2 + q 2 − R 2 ) + oscillations at the scale (3.11)
, and recall that the operatorû was defined in equation (2.15) . Coarse-graining at a scale bigger than 1/2 averages over the oscillations and should lead to suppression of differences in the phase space density between reference microstates. In the classical limit, ∼ 1/N , so these suppressions are the power law in the entropy suppressions we have discussed in section 3.
Small perturbations of the phase space density provide a natural candidate class of lowenergy fluctuations. To this end, consider the coherent states:
where |α is a reference microstate and π is a function on phase space. Infinitesimally this reads δ|ψ = i dp dq
Using the commutation relations forû (2.18) and taking the → 0 limit, we find that the infinitesimal change in the one-point function implied by the change in the state (3.13) is
(3.14)
Although we defined the state deformation in terms of the function δπ, we can invert (3.14) to solve for δπ in terms of the change in the expectation value δu. So we can equivalently label state deformations by δu. If δu(p, q) is sufficiently coarse (with respect to the 1/2 scale), the deformation will behave universally on all microstates because, as we discussed above, the difference in the coarse-grained reference state densities will be 1/N suppressed.
It is helpful to expand theT π operators aŝ
Then by definition
It can be shown that in terms of the matrices X in the definition of half-BPS sector [31] (2.1)
The normalization is chosen so that the one point function in the vacuum (with u = 1 inside a disc of radius 2N and zero outside) is 0|t k,l |0 =
For computations it is useful to write these operators in terms of the second quantised fermion operatorsψ n (2.13):
In terms of these modes, the commutation relations (2.18) read (see also [31] ):
It is then clear that the 1/N corrections to this expression will be important if any of the kl ∼ O(N ). This imposes an effective cutoff on the sort of excitations that we should consider as part of the code subspace in order to guarantee that (3.19) act like standard creation and annihilation operators building a space of excitations. In other words, we require that k, l < O( √ N ). This condition is a precise version of the requirement we made above that the perturbations δ û should behave universally around all microstates. Additionally, this guarantees that the action of O(1) t k,l operators will not take the system from one reference microstate to another since these differ by O( √ N ) boxes or more.
Universality
The code subspace we have defined will be universal if low-order correlation functions of the t k,l are identical up to 1/N corrections in reference microstates of the superstar ensemble. If this is the case, as we discussed above, the Hilbert takes an approximately factorized form as H ref ⊗ H code when probed by these operators. We will test universality by computing correlators of operators constructed as sums and O(1) products of the t k,l . We will compare these correlators as computed in the superstar ensemble and in microstates. (Also see [5, 42] .)
Firstly, we can evaluate the commutator of t k,l operators in the superstar ensemble using (3.19) to obtain: 20) where recall that u 0 = 1 1+ω
. Equivalently, we could have evaluated this commutator in a microstate and obtained the same result because of the universality of the one-point function of the t k,l s (see the right hand side of equation (3.19) ). In this way, we get the same commutators for any microstate of the superstar, as long as k, l are not too big. In other words, the commutator is universal.
Let us now consider the two-point functions. We can compute the connected two-point functions analytically in the superstar ensemble (3.1):
We want to compare this formula with the two point function in a generic microstate
where α labels states in the superposition. If the two-point function of t k,l operators is universal, we expect the microstate calculation to be equal to the result in the superstar ensemble, equation (3.21) . Since the computation differs in detail for each microstate, we tested this numerically (Fig. 5) , focusing on correlation functions of t k ≡ t 0,k and t † k = t k,0 for simplicity. The microstates in question were taken to be uniform superpositions of five randomly chosen tableaus close to the typical one. We see that for k √ N the microstate two-point function matches the large-N superstar result closely, while for k ∼ √ N we see that a correction linear in k kicks in, and then subsequently higherorder corrections appear. This demonstrates that the t k s have universal correlators [43] around the superstar, i.e., correlation functions of a sufficiently small number of low-energy operators in a generic eigenstate are universally reproduced by the superstar ensemble. Finally, although the original N = 4 SYM theory has zero physical temperature, the superstar ensemble effectively acts like a finite temperature system, as we would expect for black hole microstates. Finite temperature behavior can be diagnosed from the analytic structure of position space correlators. Because we are working with a matrix model, the only "position" is in time. Fourier transforming the momentum space operators t k gives
where Λ ∼ N 1/2− is the cutoff on the code subspace that we discussed previously, and w = w 0 e −it (where w 0 is a normalization constant). We can compute the two point function of φ(w) in the superstar ensemble with u 0 = 1 2 using (3.21). The leading order result in the N → ∞ limit is
In the complex w plane, this function has branch cuts from (0, 1) and (1, ∞) along the real axis. In the complex t-plane then, we have branch cuts along the positive and the negative imaginary axes. These cuts are repeated with 2π periodicity along the real axis. This is in contrast with the two-point function in the vacuum, which does not have these branch cuts. The appearance of the branch cuts is a singular modification of the analytic structure. We should think of these branch cuts as appearing because of the condensation of an infinite number of thermal poles. Indeed, in the superstar ensemble β ∼ 1 N , so the thermal periodicity is O(1/N ). Thus the thermal poles condense into branch cuts in the large N limit. This should be interpreted as the effective, long-distance result -if we had O(N −1/2 ) resolution, then we could zoom in to the location of the branch cut and resolve it. The same behavior is also expected in the φφ two point function in a typical microstate, which is a manifestation of eigenstate thermalization in position space. It would be interesting to understand how or whether probe corrections (i.e., O(k 2 /N ) corrections) resolve these singularities, along the lines of [44] .
Higher order correlators and transitions
So far we have only considered one and two point functions. One could worry about higher point functions, but all higher point correlators satisfy large N factorization, so they are suppressed relative to the two point function. For instance, the connected three point function can be evaluated in the superstar ensemble (3.1) to be
In our case universal behavior is only expected in the large N limit which is the analog of the thermodynamic limit in our setting, so in contrast with less symmetric versions of holography, we can only expect universality to leading order in N . The calculation above illustrates that as N → ∞, because of large N factorization, it suffices to ask whether the two-point function is universal 7 .
Corrections to the universality of code subspace correlators could also appear as nonvanishing transition elements α|O|α between different reference states (see discussion around (3.8)). However, such transitions can only occur if the operator is sufficiently complex. In the language of our Young tableau, two reference states will differ in the placement of at least O( √ N ) boxes. But the t k operators add or subtract parametrically fewer boxes and so cannot produce these transitions. More concretely, we expect that transition elements between code subspaces built around different reference states will be suppressed in powers of the entropy.
To see this, consider the average of α|O|α over the micro-canonical ensemble for some simple operator in our code subspace. This quantity diagnoses the size of the off-diagonal corrections to (3.8) . The action of a simple operator made of t k will be to add or remove hooks from a given tableau as was explained in [28] . This paper showed that the number of hooks of a given length scales polynomially with the number of rows in a tableau. So the action of a t k or a polynomial combination of them will take any particular tableau to a superposition of polynomially many other tableaux. The overlap above between two microstates will only be non-zero if |α is one of the polynomially many states reached from |α . Even when the overlap is non-zero it will be polynomially suppressed because the probability spreads over the number of hooks, and so the likelihood of ending up in a particular tableau is suppressed. The dimension of the micro-canonical subspace scales like e N , since the entropy of the superstar is linear in N . Therefore, once averaged over the ensemble, the off-diagonal elements will be suppresed by the large phase space which simple operators cannot explore
This shows that off-diagonal corrections to universality are suppressed in the thermodynamic (large-N) limit. A similar logic applies to higher moments in the micro-canonical ensemble of off-diagonal correlation functions, so that this should be understood as a general suppression of off-diagonal terms and not simply a fact about the average.
Summary:
We have argued that when a substantial fraction e εS of the total states of a highly degenerate system such as the half-BPS superstar are probed with only simple operators, the Hilbert space naturally appears to admit a tensor factorization between the coarse "exterior" degrees of freedom and the fine "interior" degrees of freedom. This factorization is reminiscent of the arguments in [11, 46] . Starting with any reference microstate, we showed that to remain within the code subspace we can apply any combination of the t k,l operators such that the total k plus the total l are much less than √ N . Since k and l are themselves restricted to be less than √ N , there are at most √ N × √ N operators that we can consider. The number of monomials built from these t k,l with total k and l less than √ N is therefore upper-bounded by 2 N = e N ln 2 . This is a substantial overestimate, but still shows that the code subspace which can be reached by the action of our low-energy operators (defined by preserving large N factorization) is exponentially smaller than the full Hilbert space which has e S states where S is the entropy. [47] . The metric for these LLM geometries takes the form
where 
Further, z solves the following differential equation:
with the boundary condition lim y→0 z(y, x 1 , x 2 ) = z 0 (x 1 , x 2 ), which has the solution
For the metric (4.1) to be regular in the limit y → 0, the boundary condition z 0 (x i ) can only take on the values ± represent as white regions), S 3 shrinks smoothly as y → 0, while on the regions with
(which we may choose to represent as black regions),S 3 shrinks smoothly.
Coming to the 5-form flux, the solution takes the form 6) where the one-forms B andB are given by
7)
8)
Finally, U i satisfies
The correspondence with 1/2 BPS states in N = 4 SYM [47] proceeds by identifying the LLM plane coordinatized by (x 1 , x 2 ) with the one-particle phase space of the fermionic eigenvalues in the matrix model corresponding to the 1/2 BPS sector of SYM, and setting the fermionic phase space density to be
In this correspondence, in the field theory is mapped to P in gravity, while N corrsponds to AdS ; more precisely = 2π and rotating in the other two directions on the S 5 with angular momentum equal to the length of the column [36, 37] . From the phase space density point of view, this roughly corresponds to a single white ring in the black disc (the Fermi sea) of area . A generic Young tableau can therefore be interpreted as a bound state of giant gravitons corresponding to its columns.
For the states of interest to us, namely typical states in the superstar ensemble, the phase-space density consists of a large number of black and white rings (Fig. 4) ; fixing the number of columns in the superstar ensemble is equivalent to fixing the total number of giant gravitons. If the widths of these rings were small compared with AdS but large compared with P , this would correspond to a perfectly regular, albeit topologically complex geometry. However, as we observed earlier, the typical state will consist of densely packed rings of area ↔ 4 P . We could think of this as a "Planck-scale foam" that a classical observer cannot directly measure. Instead such an observer will only have access to the coarse-grained phase space density which we described above, i.e., the grey disc. Translated into gravity this corresponds to a boundary condition z 0 (x 1 , x 2 ) which is not ±1/2. Such a boundary condition does not correspond to a regular geometry -as explained above, the only regular boundary conditions are z 0 = ±1/2. Indeed, if we use any other boundary condition in constructing the LLM metric, the resulting geometry has singular behavior in the y → 0 limit. In [5] , it was argued that this is the origin of black hole singularities in general relativity -the singular geometry corresponds to a coarse-grained description of a large number of underlying microstates.
In the present paper, our focus will be on studying the gravitational phase space around these black hole-like geometries. We will see in the following section that there are surprising features which arise in the emergent phase space owing to the classical coarse-graining of the underlying space of states.
Symplectic form around the superstar
We want to study the gravitational phase space in Type IIB supergravity restricted to 1/2 BPS geometries around the superstar. The authors of [12, 13] constructed the necessary symplectic 2-form in the special cases corresponding to the vacuum and particular excited states with non-singular gravitational descriptions. However, in our case the background geometry is singular, and the calculation leads to some novel features.
For simplicity we will consider a superstar geometry corresponding to a Young tableau state with N columns (essentially N giant gravitons), i.e., ω = 1. This geometry corresponds to the boundary condition:
where
AdS . More generally, if the number of columns is not equal to N , the value of z 0 would be a real number between (−1/2, 1/2) in the region r < R. As discussed above, the grey disc corresponds to a singular geometry -we should really regard it as an averaged, or coarse-grained version of regular microstates consisting of a large number of black and white regions, each of which is much smaller than the coarse-graining scale, so that the coarse-grained boundary-condition looks like a grey disc (see Fig. 4 ).
We wish to study the phase space of geometric deformations around the superstar. For instance, we may consider position dependent "greyscale deformations"
inside the grey disc. In order to deal with the singularity, we will consider the "stretched" LLM plane, namely a surface at y = y 0 , where y 0
AdS /N 1/2 , and y 0 R ∼ O(1). More precisely, we want to take the limit
We will think of the grey-scale deformations as boundary conditions at y = y 0 . As above, any such boundary condition corresponds to a large class of microstates, which upon coarse-graining look like the specified boundary condition on the stretched LLM plane. We wish to study the phase space of these coarse-grained solutions. To see why this might be a reasonable thing to do, note that the evolution from y = 0 to y = y 0 is implemented by the kernel:
This kernel has the effect of coarse graining the boundary condition over the scale y 0 . This is because the kernel
2 is given in momentum space by
which is essentially a "smooth filter" cutting off the UV modes, namely P IR (k) → 1 for |k|y 0 << 1 and P IR (k) → 0 for |k|y 0 >> 1. In Sec. 5, when we study the symplectic form from the CFT point of view, we will use this type of a cutoff on UV modes in order to obtain a coarse-grained description, which we will then compare with the gravity result.
Stretching the LLM plane
Recall from above that all terms in the LLM solution are controlled by a single function z which solves
This has solutions z(y, k i ) = y (c 1 K 1 (κy) + c 2 I 1 (κy)) . where κ = √ k 2 . The solution I 1 diverges for large y, so we discard it on physical grounds. On the other hand, while K 1 (κy) diverges logarithmically for y → 0, the combination yK 1 (κy) remains finite. In order to determine c 1 , we impose boundary conditions at the stretched plane y = y 0 :
This gives the final solution in momentum space
In position space, this translates to
In the limit y 0 → 0, the integral kernel simplifies greatly and we find 23) which is the familiar LLM kernel described above. Similarly, the vector field V i with boundary conditions at the stretched surface takes the form
.
(4.24)
Now coming to the 5-form flux, the solution takes the form
The one-forms B andB are given by
26)
27)
Finally the equation for U i (4.10), can be solved to get
Care should be taken while using the integral definition of the kernel C. For example, in the y 0 → 0 limit, the k integral naively diverges, but the kernel ∂ i C is well-defined. Finally, we can conveniently write the solutions for z, V i and U i using the convolution notation:
Symplectic form
The symplectic 2-form for type IIB supergravity in the LLM sector was worked out in [12, 13] :
32)
Here we use bold symbols to denote differential forms in field space, so for instance δ is the exterior derivative in field space. Note that Ω has been expressed here as an integral over the stretched LLM plane. Further, δλ and δλ are pure gauge modes corresponding to the gauge field B andB (which appear in the ansatz for the 4-form gauge field). For any given microscopic LLM solution, these modes are partly determined by the requirement that δB reg. i = δB i + ∂ i δλ vanishes in the limit y → 0:
on the appropriate regions of the LLM plane [13] , while on the remaining regions these modes drop out of Ω. This is a regularity condition on the deformation δB reg. i which ensures that the geometry smoothly caps off as y → 0 (see the Appendix of [13] for a more detailed explanation). Crucially, note that the above fixing of the gauge-modes depends sensitively on the background microstate.
As a consequence of these boundary conditions, δλ, δλ do not ultimately appear in the symplectic form -rather, they are determined in terms of δz 0 . However, in the present case since we are imposing boundary conditions at y = y 0 , we do not have any such regularity conditions to fix the pure gauge modes (δλ, δλ). Consequently, these modes remain dynamical because they cannot be solved for in terms of other quantities on phase space. An analogous situation occurs in gauge theories, where consistently restricting to a subregion leads to the appearance of soft modes on the boundary. These soft modes are erstwhile gauge degrees of freedom that become physical on the boundary of a subregion. In our case, the subregion in question lies in the range y > y 0 . In the double-scaling limit relevant to us (4.15), i.e., P → 0, y 0 → 0 with y 0 / 2 P → ∞, our soft modes do not decouple.
We may interpret our soft modes as parametrizing our ignorance of the microscopic state. If we had access to the detailed microstate geometry, then imposing regularity would have fixed (δλ, δλ) in terms of δz 0 . However, a classical observer cannot resolve geometry at this scale -indeed, in a quantum theory we should not even talk about geometry at this scale. The resulting ambiguity in the background microstate is then reflected in the presence of a new mode which can be interpreted as shifting between microscopic configurations that give the same macroscopic geometry -this will be further clarified by the CFT discussion in section 5. Our double scaling limit P → 0, y 0 → 0 with y 0 / 2 P → ∞ is chosen to make this clear by washing out the region of spacetime, which does not have a classical interpretation. In this limit we recover the superstar geometry as a universal description of many microstates, but this comes at the cost of a soft mode on phase space that encodes the underlying ambiguity.
In order to finish the computation of the symplectic form, we must obtain δV i and δU i in the y → y 0 limit. First,
where the kernel B(y 0 ) is given by:
On the other hand, we have a closed form expression for δU i
Here δz 0 is the grey-scale deformation (4.14) around the superstar boundary condition on the stretched LLM plane.
As discussed above, the symplectic form involves an integral over the LLM plane at y = y 0 . We can divide this plane into three regions: (i) the interior r < (R − ε), (ii) the thickened boundary (R − ε) ≤ r ≤ (R + ε), and (iii) the exterior r > (R + ε) (where ε ∼ y 0 is the thickness of the boundary). In Appendix A, we show that the integral over the thickened boundary and the exterior vanish. It remains to compute the integral over the interior.
In the interior region, z 0 = 0, and so only the last term in the symplectic form (4.31) contributes as y 0 → 0 because the other terms vanish polynomially in the limit:
Now, we may use
and similarly for δB i . The first term once again drops out in the y 0 → 0 limit, and so
From equation (4.37), we have
This leads to
It is conveninent to introduce the notation π grav = 4(λ − λ), and u grav = z 0 + 1 2 , in terms of which we have
If we had carried out this analysis with a smooth boundary condition on the LLM plane, the soft mode π grav would have been fixed and non-dynamical. However, in the classical geometry which coarse grains over smooth microstates through our double scaling limit, we see that π grav is dynamical (i.e., remains in the symplectic form). In the next section, we will see how this symplectic form emerges from a dual CFT point of view, and in particular how to interpret δπ grav from a microscopic perspective.
Symplectic form: CFT analysis
In the previous section, we derived the symplectic form for greyscale fluctuations from the gravity point of view. We observed the emergence of a new soft mode in this description.
Here we wish to give a CFT description of this mode -we will see that it naturally appears as a consequence of coarse graining over a scale y 0 that is much larger than the Planck scale. The radial cutoff we imposed on the gravity side corresponds to this scale because initial data on the LLM plane is effectively coarse-grained as it is transported to the stretched surface.
Coherent states and coadjoint orbits
Firstly, we must understand how to extract a classical phase space and its corresponding symplectic form from the quantum Hilbert space of the CFT, which in the half-BPS case can be expressed in terms of free fermions (as explained in section 2). This can be accomplished by using coherent states of the density operatorû. As we will explain below, these coherent states allow us to identify a phase space for the greyscale fluctuations δu defined in equation (4.14), in the classical limit → 0. The symplectic form on this phase space can be constructed by using the Kirillov-Kostant co-adjoint orbit method (see [48, 49] for a pedagogical introduction).
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To this end, consider a class of coherent excitations of a background state ψ 0 :
|ψ = e iTπ |ψ 0 ,T π = dp dq 2π π(q , p )û(q , p ). (5.1) 10 The authors of reference [32] perform a closely related analysis, but in the context of regular LLM geometries (i.e., not singular solutions like the superstar). They write the result in the form of an action with "two times", but it is possible to read off the symplectic form from their action. Further this symplectic form (read off from [32] ) appears to be slightly different from our version, but it is an algebraic exercise to check that these two versions are equivalent. We thank Gautam Mandal for explaining this to us.
In the infinitesimal case this reads as δ|ψ = i dp dq
This defines the coadjoint orbit of ψ 0 . As discussed above in Sec. 3.3, with these definitions,
Although we defined the state deformation in terms of δπ initially, we can invert equation (5.3) to solve for δπ in terms of δu on a given coadjoint orbit, and so we can equivalently label the state deformations by δu. Now, the standard symplectic form on coadjoint orbits, in our notation, is given by [48, 49 ]
where δ 1,2 π are related to δ 1,2 u by equation (5.3). Finally, using the commutation relations (2.18) (with → 0) and simplifying gives the result:
where the Poisson bracket is defined by {A,
and recall that the one-particle phase space coordinates (p, q) are to be identified with the coordinates on the LLM plane from the gravity point of view). The quantity δπ is defined implicitly in terms of δu as in (5.3). Integration by parts gives an identity dp dq A {B, C} = dp dq B {C, A} , (5.6) which we can use to rewrite the symplectic form as
In the second line we have used the definition (5.3). We see that the field we denoted by δπ above is indeed precisely the canonical momentum.
Note that the above symplectic form can also be written as times the Berry-curvature (see [50] for related discussion in AdS/CFT):
From the geometric quantization of a classical phase space it is familiar that the curvature of the prequantum line-bundle is 1/ times the classical symplectic form. Here, we are going in the opposite direction, by extracting the classical symplectic form from the quantum Berry curvature. It is not obvious that one can always recover the classical symplectic form from the quantum Hilbert space in this way. However, it does work in cases where the Hilbert space is obtained by suitably quantizing a coadjoint orbit. It is easy to demonstrate that (5.5) correctly reproduces the results of [13] for the symplectic form in the specific case where the background density is given by concentric rings (Fig. 6 ). In fact, this is essentially the background that will be of interest for us in the context of the superstar, albeit with a large number of rings. So, consider the background density:
where even and odd i's correspond to edges and anti-edges. In this case, u must be 0 or 1 everywhere microscopically, and thus deformations can only occur at the edges of the rings (i.e., deformations of the shape of the edges) if we want to preserve the topology of the bands. Correspondingly, we must take the deformation δu to be of the form
where δγ = δ 1 2 r 2 . Next, in order to obtain δπ, we must solve (5.3), and this gives
where we are using the convention rθ = 1 r for the Levi-Civita symbols. Comparing the two sides, we see that the δπs at the boundaries of the rings are determined as
Returning to the symplectic form, we get (switching to form notation in field space for simplicity)
This is the result of Maoz and Rychkov [13] . Note that although the momentum is only determined at the boundaries of the droplet (and generally undermined away from the boundaries), the symplectic form is completely well-defined, as it is localized on the boundaries. As in the previous section, we are using δ to denote antisymmetrized variations.
Superstar
We wish to apply the above phase space analysis to the CFT state corresponding to the superstar, but there is a subtlety. The typical microstates which are described universally by the superstar geometry appear in phase space as a dense collection of concentric black and white rings. The separations between these rings are at the scale (corresponding to the Planck scale in the dual gravity description). Of course, a classical description of such configurations is not possible. However, we can consider a coarse-graining scale y 0 that is much larger than 1/2 . In this case there will be many configurations with microstructure at some scale much smaller than the coarse-graining scale y 0 , but nevertheless much larger than 1/2 . The classical symplectic form analysis can be applied to such configurations and can be compared with the gravitational analysis that we described in the previous section. In the context of section 3, the setup we are considering is a set of |α -microstates which have microstructure at the scale 1/2 . In this way, we are considering classical deformations in the universal code subspace as (a projection of) those of (5.1). Within this universal code subspace we we will make a distinction between UV and IR by denoting whether fluctuations are bigger or smaller than the scale set by y 0 . We expect that the lessons learned in this controlled example will teach us about the more interesting regime where the black and white rings are separated at the scale. In the context of section 3, this subspace's dimension is O(N 0 ).
Following this philosophy, we work with a background superstar microstate configuration made up of rings, such as in equation (5.9), where the spacing between two rings is r i+1 −r i = .
Here is a scale which we may take to be such that
where y 0 is our coarse-graining scale. Without loss of generality, we can take the variations of the phase space density around this background to be of the form
Said differently, this just defines δu i (θ). Now, from the above discussion, we can explicitly construct the conjugate momentum δπ. Of course, δπ is only determined at the boundaries of the rings. But as we showed above, we can extend δπ in an arbitrary but smooth manner away from these boundaries, because the symplectic form will only depend on the boundary contribution anyway. To define such an extension, let H (x − x 0 ) be some smooth function which takes the value 1 for |x − x 0 | < /2, and smoothly drops to zero outside. We can then write
We can now write the symplectic form in terms of δu and δπ as described in (5.7): So far we have obtained the symplectic form in terms of the phase space variable δu, which corresponds to microscopic deformations. Next, we wish to extract the symplectic form for coarse-grained phase space variables, which we can compare with the gravitational results of the previous section. We can accomplish this by writing δu in the form
where both δA and δB are slowly varying functions of r and θ (i.e., they contain Fourier modes with wavelengths much larger than ). Notice, however, that because of the factor of e −iπr/ , the second term in equation (5.17) as a whole has rapid oscillations and is therefore in the UV part of δu. (Here by UV or IR we are referring to the coarse-graining scale y 0 .) Equivalently, the emergence of these two long-wavelength modes can be thought as coming from considering the excitations of edge and anti-edge independently. By comparing equations (5.10) and (5.14) -which shows δr i (θ) = (−1) i δu i (θ) -we see that δA is a squeezing mode, which locally squeezes the white rings and dilates the black rings or vice versa, while δB is a translation mode which uniformly shifts all the rings upwards or downwards. Therefore, it is clear that upon coarse-graining, δA will change the IR, effective phase space density, while δB will not. One might worry about the 1 in the second term in (5.17), but since δr i ∝ δu i and further since B is a translation mode, there is no conflict with the microscopic rings (such as collisions etc.).
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We may regard equation (5.17) as a canonical transformation on phase space, i.e., a change of coordinates from the microscopic u to the emergent classical variables (A, B) 12 . We can obtain the symplectic form in terms of these new coordinates by substituting equation (5.17) into (5.16):
The δAδA and δBδB terms come multiplied with the highly oscillating factor e ±iπr/ .
Since both δA and δB are slowly varying modes, and H only has support within an -neighbourhood r = r i , we find that these δAδA and δBδB terms drop out in the limit → 0. On the other hand, in the cross terms δAδB, these oscillating factors cancel and we obtain in the → 0 limit
Crucially, we have now obtained the symplectic form in terms of IR effective modes. If we consider the IR part of δu:
ik(x−y) , 11 In fact, the condition that B is slowly varying is precisely equivalent to the statement that there are no microscopic collisions between different rings. On the other hand, it is important that the squeezing mode A does not scale with 1 , as this would lead to collisions of rings. 12 Technically speaking, (5.17) defines a section of phase space characterized by two slowly varying functions and in this subsection, the natural position and momenta are these two modes. 13 Here, we have used lim
then we get 20) where the second term drops out because of the highly oscillatory factor. 14 This prescription for coarse-graining is essentially equivalent to the coarse-graining that appears naturally in gravity -recall that in our gravity calculation, we placed a cutoff surface at the stretched horizon y = y 0 . But as explained around equation (4.17) , in gravity this corresponds to a smooth momentum space cutoff Λ ∼ 1/y 0 in the LLM plane. Here we have taken a sharp cutoff for convenience, but do not expect this difference to be important.
At any rate, we may now write the symplectic form as
We see that δπ IR is a new emergent IR mode, built out of the UV modes in δu. Of course, ultimately it depends on δu, but we extracted it by a canonical transformation out of the UV part of δu, and as such it should be treated as an independent mode in the IR. Note that, at the level of the Hilbert space, the IR label does not denote projection into a smaller subspace, which is the usual way that we think about coarse graining. This label reflects that the two classical degrees of freedom δA, δB have a natural interpretation in terms of independent pieces of δu (or linear combinations of deformations of the edges / anti-edges), but of course they ultimately come from the sameû operator. It may seem confusing that the conjugate momentum in the IR is related to a UV piece of the phase space density. This sort of UV-IR mixing would not happen if we were working in perturbation around the vacuum. But because we are examining fluctuations around a highly structured state, it can be that the emergent IR modes actually correspond to structural perturbations at the fine scale of the background.
Comparing with the gravitational analysis from the previous section, we now see that the pure gauge mode in gravity δπ grav = 4(δλ − δλ) should be identified with CFT quantity δπ IR in this section. In this way, the emergent pure gauge mode at the stretched horizon encodes certain microscopic degrees of freedom of the black hole in the form of an effective gravitational degree of freedom. This may be the beginning of an explanation for how gravity encodes information about microstates in terms of geometric quantities at the horizon.
Above, we constructed the coarse-grained symplectic form in the CFT, and showed the emergence of a new effective mode in the IR built out of the UV modes in the phase space density. In this analysis we considered localized perturbations of phase space that correspond on the AdS side to graviton fluctuations. But what about large deformations, e.g. changing the radii or widths of the rings in phase space? In gravity these are large perturbations that globally move the locations and sizes of spheres in the geometry. After coarse-graining a typical state, such perturbations will appear as angularly-symmetric greyscale deformations (as opposed to local perturbations). Appendix B repeats our analysis in this setting and again shows the appearance of an emergent IR mode built from UV data.
Discussion
The modern language for understanding the universality of physics around different black hole microstates is to say that there is a "code subspace" of low-energy excitations around any typical microstate, and that these code subspaces are isomorphic but orthogonal to each other. In this paper, we provided an explicit construction of such code subspaces for the superstar, which is an incipient black hole. To do this, we imagined a subspace of reference microstates of size e εS with ε < 1 where S is the microcanonical entropy. This is an exponentially large number of states, but is still much smaller than the total number of superstar states which is e S . Around each reference state there is a code subspace, and we argued that the code subspaces are isomorphic to each other. Thus the union of these states can be written as a code subspace times the set of reference states H α . This is only possible because we chose H α to be sufficiently sparse so that the states are all orthogonal to each other. Otherwise, the code subspaces around different reference states would start to overlap and the factorization would break down. Similar subspaces have recently been studied in [43] , where the authors argued that, in AdS/CFT, given a boundary subregion bigger than half of the size of the system, the largest subspace that can be described in low energy effective field theory independently of the underlying state has dimension log dimH R = εS which can be determined geometrically. In our discussion, ε was arbitrary, but, in a similar way, it had to be < 1 for a state independent low energy effective description to be accurate. It is possible that a discussion similar to that of [43] can give an information theoretic interpretation to the physical limitations of working with such subspace and could put bounds on ε given the constraints of a putative observer. More concretely, these large subspaces are important when considering time evolution. For strongly interacting systems, where the energy spacing is O(e −S ), if we sample a random state in the microcanonical window |ψ and we study its time evolution, we will not be able to resolve its energy levels until we reach t ∼ e S . This means that for a given t 0 , we can think of the span of |ψ(t < t 0 ) as a subspace of dimension O(t 0 ), so these large subspaces are all that a low energy observer has access to if she can only make long wavelength observations for a finite amount of time. In our set-up, because the spectrum is highly degenerate, the situation is not quite the same, but a similar story should still be applicable if we were to consider evolution with a non-gauge invariant Hamiltonian, which evolves the single energy eigenstates independently.
There may be a more general way to formulate the code subspace factorization in terms of a highly redundant description of the Hilbert space. In such a picture, any typical state could serve as the seed around which we build a code subspace. We could define multiple code subspaces in this way, moving their center around by picking different seed typical states. In this way, the full space would be in some sense a product of a code subspace and something which is spanned in a redundant way by microstates themselves. Of course, this redundant formulation does not present the nice direct sum structure that we described, but perhaps there is a way of making this notion precise.
A notable feature of black hole physics is that the dynamics amongst microstates after a perturbation appears to be chaotic, perhaps leading to scrambling of information. How does this work in our scenario? The BPS sector that we have investigated is integrable and does not therefore have a truly chaotic dynamics. However, any small perturbation out of the BPS subspace will engage the full Yang-Mills theory and its chaotic dynamics. Even more interestingly, it is possible that coarse-graining an integrable system can cause the low-energy dynamics to look thermalizing or scrambling. The reason is that the IR is an open quantum system relative to the UV, and the UV can act effectively as a thermal bath [51] . (See also a recent treatment in [52] .) Finally, our paper has a bearing on the question of why black hole entropy is proportional to a geometric quantity, the horizon area. On the one hand, there is significant evidence that black holes are universal effective gravitational descriptions of a very large number of microstates, and the entropy counts this microscopic degeneracy [1, 8, 5, 33, 53] . But this degeneracy comes from a detailed ultraviolet completion of quantum gravity, so the above counting does not give a conceptual gravitational explanation for why the entropy is given by the Bekenstein-Hawking formula S BH = A/4G N . Indeed, this expression can be derived from purely semi-classical GR arguments without any reference to the UV. On the other hand, it has been suggested that there is an alternative description of black hole entropy in terms of counting soft modes, or "edge modes", at the horizon of the black hole [22, 25, 24] . While this line of reasoning may lead to a more conceptual understanding of the Bekenstein-Hawking formula within gravity, it is unclear how it relates to the microstate counting arguments. In this paper, we found a concrete example where these two different approaches have a chance of converging. The reason we can make progress is because the bulk surface where the boundary field theory lives is identified with the stretched horizon and thus we can understand its physics directly in terms of boundary variables, using a coarse grained version of the standard LLM dictionary. This is to be contrasted with the usual AdS/CF T setup where the stretched horizon and the boundary CFT are very far from each other and the mapping becomes very non-local.
On the gravity side, we identified a soft mode which becomes physical when introducing a stretched horizon. We showed that from the CFT point of view the stretched horizon corresponds to a coarse-graining, and that the soft mode is related via a canonical transformation to ultraviolet phase space degrees of freedom, which are essentially "microstate deformations". Surprisingly, the soft modes are purely IR effective modes, although they encode information about the microstructure of the black hole. This is a specific failure of decoupling in gravity, such that the IR retains certain information about the UV, and encodes this data in geometry.
disc, i.e., region (ii), and from outside the disc, i.e., region (iii), vanish. Here, we verify this claim.
Let us begin with region (iii). Here it is convenient to break up ω as
where ω I consists of terms which do not depend on (λ,λ), and ω II consists of terms which do depend on (λ,λ). Let us first focus on the λ-independent terms. In region (iii), these reduce to
where in the second line we have used the fact that δz 0 vanishes in region (iii), so the δ can only act on V i or U i . Now the first two terms above cancel in region (iii) 15 , so we have
Next, let's consider the gauge-dependent terms
In region (iii), the flux corresponding to δU i vanishes, this becomes
Importantly, in region (iii) we have the regularity condition ∂ i δλ = δB i = − δU i . So this gives
15 Equivalently, the coefficient of the δV i δV j term goes as
(1/4−z 2 ) which vanishes as y 0 → 0.
Combining ω I and ω II we get
whereλ is determined by the regularity condition on region (iii):
U i . Note that the factor
vanishes at r = R 16 (i.e. the order of limits is we send y → 0 first and then we send ε → 0), but we must be careful because δV might diverge in this limit. However, as long as we consider greyscale deformations (i.e. δz 0 is localized far from the boundary) then this does not happen. So in this case, we conclude that the symplectic form from outside indeed vanishes.
Since we do not expect any singular behavior in the symplectic form from the boundary region for greyscale deformations, the contribution from region (ii) similarly vanishes as we send ε → 0.
B Symplectic form for large deformations
In the section 5, we constructed the coarse-grained symplectic form from the CFT, and showed the emergence of a new effective mode in the IR built out of the UV modes in the phase space density. In this analysis we considered localized perturbations of phase that correspond on the AdS side to graviton fluctuations. In this appendix, we consider large deformations, e.g. changing the radii or widths of the rings in phase space. In gravity these are large perturbations that globally move the locations and sizes of spheres in the geometry. After coarse-graining a typical state, such perturbations will appear as angularly-symmetric greyscale deformations (as opposed local perturbations).
To study such large deformations, let us begin with the observation that the slope y (x) of the typical Young tableau at some point x is determined by c N −x , where c i is the number of columns of length i. Here x is the row-number in the tableau, and should be confused with x in the previous section, where it was a coordinate on phase space. So, the angularly-symmetric greyscale deformations are directly related to the change in the one-point functions of c k s. Let us review this relation first. Our starting point is a formula for the greyscale factor u = Now consider a shape deformation of the tableau y(x) = y 0 (x) + δy(x), where δy is an infinitesimal ripple of the original tableau (see figure) . We will mostly work to linear order in δy. It is a simple matter to compute the change in the phase space denisty u. Let where in the last equality we are considering the ω = 1 superstar. This gives a direct relation between angularly-symmetric grey-scale deformations of the LLM geometry and one-point functions of c k s.
Let us now go back to the superstar, and in particular to the angularly symmetric mode A symplectic form is only defined for classical fluctuations on phase space, which we can extract by constructing a class of "coherent states" where the number operator c k and the phase operator are both classical. To begin with, we want construct the superstar background as a coherent state above the vacuum. To do this consider the state
This state is of course classical with respect to D k and D † k . So, we can associate a welldefined symplectic form to fluctuations in these variables:
(B.11)
The δz should coarse-grain to be the angularly symmetric greyscale fluctuations around the superstar. Now, it is tempting to simply change coordinates to z k = √ u k e iπ k , and rewrite the symplectic form in terms of the density and phase, which would be canonically conjugate. The density is of course related to the number operator c k . However, there is a subtlety. In order for the background to be close to the superstar, we must take |z k | = 1, ∀k so as to have c k = 1. However, because the variance of the number operator in a coherent state satisfies 12) we see that for the superstar, which has |z k | ∼ 1 for all k, the variance is comparable to the mean, meaning that the state is not classical with respect to the number operator. Thus if we write z k = √ u k e iπ k then u k is not a classical variable even though z k is. In the spirit of section 5, a natural resolution is to consider long wavelength modes for the z k : that is we don't have access to the individual k labels but to long wavelengths superposition of these. In this case, we expect the variance of the long wavelength c to be 1/N suppressed with respect to the mean. Figure 9 : The coherent states which we consider resemble the stair-case tableaus, but have the advantage that they are classical with respect to the number operator and the phase operator.
However, if |z k | becomes large-but-not-too-large (scaling with say N 1/4 ) for some k, then the ratio of the variance to the one-point function of the number operator becomes small, and hence the number operator becomes classical, without need for further coarse graining. Then, since z k and z * k are already classical in any coherent states, the phase must also be classical. States with these properties look like staircases in the Young tableau description (Fig. 9 ). These states have microscopic structure that is sufficiently far from the scale for us to be able to do a phase space analysis.
Following Sec. 4 the staircase states correspond in gravity to a concentric black and white ring boundary condition in the LLM plane. Deformations that increase or decrease the number of columns of a given length correspond in gravity to increasing or decreasing the widths of some rings. For such deformations we can write a symplectic form as Ω = n δu n ∧ δπ n , (B.13)
where n indexes column lengths in the reference tableau (e.g. Fig. 9 ). This construction is inherently coarse-grained because the reference tableau is only permitted to have steps that scale as N 1/4 . However, we may be able to further refine this by considering a coarsegraining over the n-index. In this context, the density and phase are realized as classically conjugate variables. Here, once again we see that the conjugate momentum to u is a new emergent field π, which in the present case corresponds to the phase with respect to D k and D † k . In order to measure the phase in some state, we need to have access to these (D k , D † k ), which are heavy operators, and so in this sense π is an effective IR mode which is built out of UV degrees of freedom.
